123
On the other hand, Subbotin et al. [12] , based on a fuzzy model that we had developed in an earlier work for studying the process of learning a subject matter in the classroom [17] , they properly adapted the popular in fuzzy mathematics Centre of Gravity defuzzification technique for evaluating the student quality performance. This model was later named as the Rectangular Fuzzy Assessment Model, while Subbotin and his collaborators developed also several variations of it by changing the shape of the graph of the corresponding membership function (e.g. see [13] [14] [15] [16] , Chapter 6 of [19] , etc.)
Here a new approach will be developed involving the use of Fuzzy Relation Equations (FRE) for evaluating the student Analogical Reasoning (AR) skills for solving mathematical problems. The rest of the paper is formulated as follows: A brief account about the AR process is given in the second section. The third section contains the background from Fuzzy Binary Relations (FBR) and FRE which is necessary for the understanding of the paper. In the fourth section the model that uses FRE for studying the process of Analogical Problem Solving (APS) is developed, whereas in the fifth section a classroom application and other suitable examples are presented illustrating our new assessment model. Finally, the sixth section is devoted to our conclusion and to some hints for future research on the subject, whereas the problems used in our classroom application are exposed in the Appendix at the end of the paper.
Analogical reasoning. Analogies are used for explaining concepts which cannot directly perceived (e.g. electricity in terms of the water flow), in making predictions within domains, in communication and persuasion, etc. AR is a method of processing information that compares the similarities between new and past understood concepts, then using these similarities to gain understanding of the new concept. AR is important in general for creativity and scientific discovery. Within cognitive science mental processes are likened to computer programs (e.g. neural networks) and such analogies serve as mental models to support reasoning in new domains [4] .
APS is the main mechanism of AR: When the solver is not sure of the appropriate procedure to solve a given problem (target problem), a good hint would be to look for a similar problem solved in the past (source problem) and then try to adapt the solution procedure of this problem for use with the target problem. However this strategy can be difficult to implement in problem solving, because it requires the solver to attend to information other than the problem to be solved. Thus the solver may come up empty-handed, either because he/she has not solved any similar problems in past, or because he/she fails to realize the relevance of previous problems. But, even if an analogue is retrieved, the solver must know how to use it to determine the solution procedure for the target problem.
Several studies ( [2, 3, 6, 9, 18] , etc.) have provided detailed models for the AR process based on APS, in which factors associated with instances of successful transfer of knowledge are identified. According to these studies the main steps involved in APS include:
 S1: Representation of the target problem.  S2: Search-retrieval of a source problem  S3: Mapping of the representations of the target and the source problem.  S4: Adaptation of the solution of the source problem for use with the target problem. More explicitly, before solvers working on a problem they usually construct a representation of it. A good representation must include both the surface and the structural (abstract, solution relevant) features of the problem. The former are mainly determined by what are the quantities involved in the problem and the latter by how these quantities are related to each other. The features included in solver representations of the target problem are used as retrieval cues for a source problem in memory. When the two problems share structural (solution relevant) but not surface features the source is called a remote analogue of the target problem. Analogical mapping requires aligning the two situations, i.e. finding the correspondences between the representations of the target and the source problem, and projecting inferences from the source to the target. Once the common alignment and the candidate inferences have been discovered the analogy is evaluated. The last step involves the adaptation of the solution of the analogous problem for use with the target problem, where the correspondences between objects and relations of the two problems must be used.
The successful completion of the above process is referred as positive AR. But the search may also yield distracting problems sharing surface but not structural common features with the target problem and therefore being only superficially similar to it. Usually the reason for this is a non satisfactory representation of the target problem, containing only its salient surface features, and the resulting consequences on the retrieval cues available for the search process. When a distracting problem is considered as an analogue of the target, we speak about negative AR. This happens if a distracting problem is retrieved as a source problem and the solver fails, through the mapping of the representations of the source and target problem, to realize that the source cannot be considered as an analogue to the target problem. 
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where rij = mR (xi, yj), with i = 1,…, n and j =1,…, m. The matrix R is called the membership matrix of the fuzzy relation R(X, Y). The basic ideas of fuzzy relations, which were introduced by Zadeh [20] and were further investigated by other researchers, are extensively covered in the book [7] .
Definition 2: Consider two FBR P(X, Y) and Q(Y, Z) with a common set Y. Then, the standard composition of these relations, which is denoted by P(X, Y)  Q(Y, Z) produces a FBR R(X, Z) with membership function m R defined by: 
Observe that the same elements of P and Q are used in the calculation of mR as would be used in the regular multiplication of matrices, but the product and sum operations are here replaced with the min and max operations respectively. 
where  denotes the max-min composition. This means that
for each i in Nn and each k in Ns. Therefore the matrix equation (3) encompasses nXs simultaneous equations of the form (4). When two of the components in each of the equations (4) are given and one is unknown, these equations are referred as FRE. The notion of FRE was first proposed by Sanchez [11] and later was further investigated by other researchers [1, 5, 10] . When the matrix Q is fixed and the row-matrix P is known, then the equation (3) has always a unique solution with respect to R, which enables the representation of the average student of a class as a FS on the set of the steps of the MM process. This is useful for the instructor for designing his/her future teaching plans.
On the contrary, when the matrices Q and R are known, then the equation (3) could have no solution or could have more than one solution with respect to P, which makes the corresponding situation more complicated.
A classroom application and other examples. The new assessment model presented in the previous section will be illustrated here with a classroom application on APS and two other examples.
The Classroom Application: The following experiment took place at the Graduate Technological Educational Institute of Western Greece, in the city of Patras, with subjects a group of 60 students of the School of Technological Applications (future engineers) being at their first term of studies. Three mathematical problems were given for solution to students on topics of their first term course in mathematics. In each case and before receiving the target problem the students received two other problems
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. 125 together with their solution procedures. They read each problem and its solution procedure and then solved the problem themselves using the given procedure. Subjects were allowed 10 minutes for each problem and they were not given the other problem until after 10 minutes had elapsed. The first of these problems was a remote analogue to the target problem, while the other was a distracting problem. Next the target problem was given and was asked from the students to try to solve it by adapting the solution of one of the previous problems (time allowed 20 minutes). The problems given to students are listed in the Appendix at the end of the paper. The results of the test are depicted in Table 1 of the students constructed good representations of the target problems.  All the above students were able to retrieve source problems and almost all of them mapped the representations of the target and the source problems.
 On the contrary, half of the above students failed to adapt the solution of the source for solving the target problems.
The first conclusion was not surprising at all, since the majority of the students have the wrong habit to start studying the material of their courses the last month before the final exams. On the other hand, the second conclusion shows that the instructor's teaching procedure of AR was in a degree successful enabling the diligent students to retrieve source problems from their memories and to map the representations of the target and the source problems. Finally, the last conclusion is due to the fact that many of those students, being inexperienced, failed through the mapping of the representations of the source and target problem to realize that the selected source cannot be considered as an analogue to the target problem (negative AR) Therefore, it is very useful for the instructor to emphasize during his/her lectures the importance of mapping for APS for controlling the fitness of the source problem.
Let us now consider the case where the membership matrices Q and R are known and we want to determine the matrix P representing the average student of the class as a fuzzy set on Y. This is a complicated case because we may have more than one solution or no solution at all. The following two examples illustrate this situation:
Example 2: Consider the membership matrices Q and R of the previous application and set P = [p1 p2 p3 p4 p5]. 
Let S(Q, R) = {P: P o Q = R } be the set of all solutions of P o Q = R. Then one can define a partial ordering on S(Q, R) by
It is well established that whenever S(Q, R) is a non empty set, it always contains a unique maximum solution and it may contain several minimal solutions [11] . It is further known that S(Q, R) is fully characterized by the maximum and minimal solutions in the sense that all its other elements are between the maximal and each of the minimal solutions [11] . A method of determining the maximal and minimal solutions of P o Q = R with respect to P has been developed in [5] . In this case it is easy to observe that the above equation has no solution with respect to p1, p2, p3, p4, p5, therefore P o Q = R has no solution with respect to P.
In general, writing R = {r1 r2 r3 r4}, it becomes evident that we have no solution if max qij < rj .
J

Conclusion.
In the present article we used FRE for assessing student APS skills. In this way we have managed to express the "average student" of a class as a FS on the set of the steps of the AR process, which gives valuable information to the instructor for designing his/her future teaching plans. On the contrary, we have realized that the problem of representing the "average student" of a class as a fuzzy set on the set of the linguistic grades characterizing his performance using FRE is complicated, since it may have more than one solutions or no solution at all.
In general, the use of FRE looks as being a powerful assessment method. Therefore our future research plans on the subject will be oriented to the effort of using FRE for evaluating other human or computer activities (apart from AR), like learning, sports and spiritual games, decision-making, , case-based reasoning, etc.
Appendix. The problems of the classroom application CASE 1 Target problem: A box contains 8 balls numbered from 1 to 8. One makes three successive drawings, putting back the corresponding ball to the box before the next drawing. Find the probability of getting all the balls drawing out of the box different to each other.
Solution: The probability is equal to the quotient of the total number of the ordered samples of 3 objects from 8 (favourable outcomes) to the total number of the corresponding samples with replacement (possible outcomes).
Remote analogue: How many numbers of 2 digits can be formed by using the digits from 1 to 6 and how many of them have their digits different?
Solution procedure given to the students: Find the total number of the ordered samples of 2 objects from 6 with and without replacement respectively.
Distracting problem: A box contains 3 white, 4 blue and 6 black balls. If we draw out 2 balls, what is the probability to be of the same colour?
Solution procedure given to the students: The number of all favourable outcomes is equal to the sum of the total number of combinations of 3, 4 and 6 objects taken 2 at each time respectively, while the number of all possible outcomes is equal to the total number of combinations of 13 objects taken 2 at each time. Prove that A n = Α + (n-1)(Β + 2 n Β) , for every positive integer n. -
Solution:
Since Α=Ι+Β, where I stands for the unitary 3Χ3 matrix, and B 3 =0, is Α n =(Ι+Β) n =Ι+nΒ+ The revenue from sale is equal to P(Q)Q and therefore the profit from sale is given by K(Q) = P(Q)Q-C(Q). The maximum of function K(Q) is calculated by using the derivatives.
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Remote analogue: A car is entering in a road having initial speed 50 Km/h, which is changed according to the relation U(t)=3t 2 -12t+50, where t represents the time (in minutes) during which the car is moving on this road. Find the minimal speed of the car on this road.
Solution procedure given to the students: Calculate the minimum of the function U(t) with the help of the derivatives. Distracting problem: The price of sale of a good depends upon its total demand Q and it is given by P(Q)=25-Q 2 . The price is finally fixed to 9 monetary units and therefore the consumers who would be planning to pay more than this price benefit. Find the total benefit to consumers.
Solution procedure given to the students: For P=9 and since Q≥0, it turns out that Q=4.metric units. Drawing the graph of the function P(Q) (parabola) it is easy to observe that the total benefit to consumers is equal to P Q dQ ( ) 0 4  -4.9 monetary units.
